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O ' Abstract 

The formalism of quantization deformation is reviewed and the Weyl-Moyal like 
deformation is applied to systematic construction of the field and lattice integrablc 
' soliton systems from Poisson algebras of dispersionless systems. 

(To appear in J. Phys. A: Math. Gen.) 

1 Introduction 

> ■ 

Recently, various aspects of the Moyal deformation theory and its application to the 
integrable field systems, which leads to the so-called Moyal type Lax dynamics, have 
become of increasing interest The aim of this paper is to present a complete 

picture of construction of the field and lattice soliton systems by Weyl-Moyal like defor- 
mations from Poisson algebras of underlying dispersionless systems. The Weyl-Moyal 
like deformation is the special case of the deformation quantization. 

In the theory of evolutionary systems (dynamical systems) one of the most impor- 
tant issues is a systematic method for construction of integrable systems. As integrable 
■ systems we understand those which have infinite hierarchy of symmetries and conser- 

vation laws. It is well known that a very powerful tool, called the classical i?-matrix 
formalism, proved to be very fruitful in systematic construction of the field and lattice 
soliton systems as well as dispersionless systems (see 0-^1 and the references there). 

The crucial point of the formalism is the observation that integrable dynamical 
systems can be obtained from the Lax equations 

L t = ad* A L = [A, L] (1.1) 

i.e. a coadjoint action of some Lie algebra g on its dual g*, with the Lax operators 
taking values from this Lie algebra g* = g, equipped with the Lie bracket [-,-]. From 
(jl.l|) it is clear that we confine to such algebras g for which its dual g*, related to the g 
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by the duality map (•, •) — > R, can be identified with g. So, we assume the existence of 
a scalar product (■, ■) on g which is symmetric, non-degenerate and ad-invariant: 

(ad a 6, c) + (b, ad a c) = 0. (1.2) 

This abstract representation p. 1)1 of integrable systems is referred to as the Lax dynam- 
ics. 

On the space of smooth functions on the dual algebra g* there exists a natural 
Lie-Poisson bracket 

{H,F}(L):=(L,[dF,dH\) Leg* H, F e C°°(g*) (1.3) 

where dF, dH are differentials belonging to g. A linear map R : g — > g, such that the 
bracket 

[a,b] R :=[Ra,b] + [a,Rb] (1.4) 

is a second Lie product on g is called the classical i?-matrix. A sufficient condition for 
R to be an i?-matrix is 

[Ra, Rb] — R [a, b\ R + a [a, b] = a, b e g (1.5) 

where a is some real number, called the Yang-Baxter equation YB(a). 

Then, bracket (jl.4j) is related to another Lie-Poisson bracket and the appropriate 
Poisson tensor as follows 

{H, F} 1 (L) := (L,[dF,dH] R ) =: (dF^^dH) . (1.6) 

The Casimir functions C of the natural Lie-Poisson bracket (|1.3j) . i.e. 

{C,F} = VFGC°°(g*) (1.7) 

are in involution with respect to the Lie-Poisson bracket (jl.fij) . Hence, the vector fields 
generated by such Casimir functions 

L tn = 9 1 (L)dC n =[R(dC n ),L] (1.8) 

commute mutually as the map 8 o d is a Lie algebra homomorphism. Moreover ()1.8|) are 
Hamiltonian equations. The hierarchy of evolution equations (11.8)1 is the Lax hierarchy 
with common infinite set of symmetries and conserved quantities. In this sense p. 8)1 
represents a hierarchy of integrable evolution equations. 

It is known that the systems p. 8)1 are tri-Hamiltonian with respect to three Poisson 
brackets called the linear, quadratic and cubic, reflecting the dependence on the L. The 
linear tensor 9\{L) takes the form [2j 

0i(L)dff = -&d L R(dH) - R*ad L dH (1.9) 

where i?* is the adjoint of R, i.e. (Ra,b) = (a,R*b) . The quadratic case is more 
complex. A tensor 9 2 (L) [TS] 

6 2 (L)dH = A^Ld^L - LA 2 (dHL) + S(dHL)L - LS*(LdH) (1.10) 



defines a Poisson tensor if the linear maps A\ y2 : g — > g are skew-symmetric solutions of 
the YB(a) (jl.5j) . where «^0, and the linear map S : g — > g with adjoint S* satisfies 

S([A 2 a,b] + [a,A 2 b}) = [Sa,Sb] 

S*{[A 1 a,b] + [a,A 1 b]) = [S*a,S*b], [ ' ' 

In the special case when | (R — R*) satisfies the YB(a), for the same a as R, under 
the substitution Ai = A 2 = R — R* , S = S* = R + R*, the quadratic Poisson operator 
(fOTljl reduces to 

9 2 (L)dH = -ad L RadtdH - LR*&d L dH - R* (&d L dH) L (1.12) 

where ad^A = LA + AL, and the conditions (jl.llj) are equivalent to YB(a) for R. 
Another special case is when the maps Ai >2 and 5" originate from decomposition of 
i?-matrix (fTTTjl 

R = A 1 + S = A 2 + S* (1.13) 
where are skew-symmetric. Then the sufficient condition for the Poisson property 

of e 2 is nli 

[A l)2 a, A 1>2 b] + [a, b] = A h2 ([A lf2 a, b] + [a, A 1>2 b}) . (1.14) 

Finally, the cubic tensor # 3 takes the form 

9 3 (L)dH = —&d L R(LdHL) - LR*(ad L dH)L. (1.15) 

To construct the simplest i?-structure let us assume that the Lie algebra g can be 
split into a direct sum of Lie subalgebras g + and g_, i.e. 

= 0+©0- [fl±,fl±]Cfl±. (1.16) 
Denoting the projections onto these subalgebras by P±, we define the i?-matrix as 

R= l -{P + -P_). (1.17) 

It is easy to verify that ()1.17j) solves YB(^). 

Following the above scheme, we are able to construct in a systematic way integrable 
Hamiltonian systems, with infinite hierarchy of involutive constants of motion and infi- 
nite hierarchy of related commuting symmetries, once we fix a Lie algebra. For example 
the Lie algebra of pseudo-differential operators with the commutator leads to construc- 
tion of soliton systems [E]-PI]- The Lie algebra of shift operators leads to lattice field 
systems [Ej-JE]- n the other hand, the Poisson algebras (which are Lie algebras with 
associative, commutative multiplication) of formal Laurent series leads to the construc- 
tion of dispersionless systems |16j-|19j. 

As well known, a quasi-classical limit of field and lattice soliton systems gives related 
integrable dispersionless systems. We would like to inverse this procedure and construct 
field and lattice soliton systems from some classes of integrable dispersionless systems 
through a Weyl-Moyal like deformation quantization procedure. Actually, we will do it 
on the level of their Lax representations. 



The idea behind the deformation quantization theory [201-123 is that an classical 
system can be obtained from quantum system by the quasi-classical limit H — ► 0, where 
h is the Planck constant divided by 2tt. Therefore, the quantization of classical systems 
should be done by appropriate deformations depending on a formal parameter H. The 
classical fields (observables) belong to the associative commutative algebra of smooth 
functions, with standard multiplication, equipped with the Poisson bracket {-,-}. The 
idea of deformation quantization relies on deformation of the usual multiplication to the 
new associative but non- commutative product called ^-product. It depends on formal 
parameter H, with the assumption that the ^-product in the limit h — > reduces to 
the standard multiplication and also that the Lie bracket {/, g}^ := 4(/ ★ g — g * /), 
where f,g are smooth functions, reduces to the Poisson bracket. As well known, an 
arbitrary Poisson tensor, corresponding to the Poisson bracket, can be written by the 
wedge product of appropriate commuting vector fields. Then, the ★-product can be 
easily constructed by the so-called Weyl-Moyal like deformation. The details will be 
given in the next section. 

The paper is organized as follows. In Section 1 we have briefly present a number 
of basic facts and definitions concerning the classical f?-matrix formalism. In Section 
2 we review the deformation quantization theory and we present the Weyl-Moyal like 
deformations. The Poisson algebras of formal Laurent series are introduced in Section 3 
and then, in Section 4, the Weyl-Moyal like deformation procedure is applied to them. 
In Section 5 we apply the formalism of i?-matrix to the quantized Poisson algebras and 
we illustrate the results with particular examples. Finally, in Section 6 are given some 
conclusions. 



2 Star products and deformation quantizable Pois- 
son brackets 

Let A = C°°(M) be the space of all smooth (R or C valued) functions on 2n-dimensional 
smooth manifold M. Let {■, - } PB be the classical Poisson bracket, which is bilinear, skew- 
symmetric and satisfies the Jacobi identity. Obviously A is a commutative, associative 
algebra over R or C with the standard multiplication. 

Let * be the deformed associative non-commutative multiplication on A given by 
the following formula 

f*g = y £ l h h B k (f,g) f,geA (2.1) 

fc>0 

where H is the formal parameter and '■ A x A — > A are bidifferential (bilinear) 
operators. We also define deformed bracket as a commutator 

{f,9h-=l<J*9-9*f)- (2-2) 



Definition 2.1 An associative deformed multiplication * ; given by the formula 1)2.1)1 . 
is a formal quantization of the algebra A and is called the -k-product if 



(a) \im n _> f -kg = fg, 



f&j c*f = f*c = cfforceRorC, 

(c) limn^o {f,gh = U,9} PB - 

Lemma 2.2 JTie bracket (12.2)1 defined by the -k-product is bilinear, skew-symmetric and 
satisfies the Jacobi identity. So, it is well defined Lie bracket. 

The proof is obvious as the Jacobi identity is a consequence of an associativity of mul- 
tiplication *. Hence, the bracket (|2.2|) is called the deformation quantization of the 
underlying classical Poisson bracket {•, -} PB - 
As follows from definition (12.11) 



B (f,g) = fg (2.3) 

and 

B 1 (f,g)-B 1 (gJ) = {f,g} pB . (2.4) 
The associativity of the ^-product implies that the bilinear maps B/, satisfy the equations 

k 

[B B (B k -.{f,g), h) - B a (f, B s „ k (g, h))} = k > 1. (2.5) 

Hence, Bi satisfies the equation 

Bi(/, g)h - fB 1 (g, h) + B^fg, h) - B 1 (f, gh) = 0. (2.6) 
Let D : A — > A be a linear automorphism parametrized by H, such that 

Df = J2^D k f D = l (2.7) 

fc>0 

where D k are differential operators. Such an automorphism produces a new *' in A in 
the following way 

f*'g;=D{D- l f*D- x g). (2.8) 
The associativity of the new *' follows from the associativity of the old ^-product, as 

/ *' (g *'h) = f *' DiD-'g * D~ l h) = D{D~ l f * (D~ x g * D~ x h)) 

= D((D- l f * D- l g) * D- l h) = D(D~ l f * D^g) *' h = (f *' g) *' h. (2.9) 

By transformation ()2.7j) one finds the following expression 

B[tf,g) = B 1 (f,g) - fD l9 - D x g ■ f + D 1 (fg). (2.10) 

Then 

B[tf,g) - B[(gJ) = B 1 (f,g) - B 1 (gJ) = {f,g} PB (2.11) 

and 

lim {/, <7} v = lim {/, g}^ = {/, ^} PB . (2.12) 

ft— >0 ft^O 

Hence, the new *' is the second well defined ^-product on A. 



Definition 2.3 Two -k-products: * and *' are called gauge equivalent or simply equiva- 
lent if there exist a linear automorphism D : A — > A (12. 7j) sttc/i t/iat (|2.8jl . 

Let us consider now a Weyl-Moyal like deformations. It is well known that an 
arbitrary classical Poisson bracket can be presented in the following form 



{f,g} PB =f [J2 Y * a xjg = f yr; (y< ® x % - x t ® y,) 

n 



9 
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where Xj,YJ, i = 1, n are pair-wise commuting vector fields on 2n dimensional 
smooth manifold M and f,g £ A — C°°(M). The Jacobi identity for (j2.13|) follows 
from the commutativity of vector fields Xi, Y^. From relation ()2.4j) there are two natural 
deformations of the classical bracket ()2.13j) induced by 



B x = )f£Y i KX i (2.14) 

i=l 

and by 

n 

B[ = J2 Y i® x i (2-15) 

i=l 

respectively. In what follows, we will use the Einstein summation convention in the 
case of repeating indices i, j at the vectors X, Y and a standard convention (with 
the summation symbols) otherwise. The first case ()2.14|) . leads to the Weyl-Moyal like 
deformed multiplication 

h ~\ , 

g. (2.16) 



f*g = fexp 



Y { A X t 



If the classical Poisson bracket (J2.13)) is a canonical one, i.e. Yi = d Pi , Xi = d Xi (d x = J^, 
dp = J^), then product ()2.16|) is the Groenewold product [21| and the deformed bracket 
()2.2j) is the well known Moyal bracket 25J. Expanding (j2.1(i)) one finds 



oo ^ s k=s 
s=0 ' k=l 



E EHr j fa • • •••V,./) . ..)),. X, . ..X is _ m g) . 



(2.17) 

The second case ()2.15j) . leads to the another Weyl-Moyal like deformed multiplication 

f*g = fexp[mr i ®X i ]g. (2.18) 

Again, in the case of the canonical Poisson bracket (J2.13)) the product (J2.18)) is the well- 
known Kupershmidt-Manin (KM) product and the deformed bracket (|2.2jl is the KM 
bracket HHE?! Expanding (l2~T£j) one finds 



DC 



/ * = £ ~ • • • ■ ■ ■ X is g) . (2.19) 



S 
s=0 



Lemma 2.4 TTie product (J2.18j) is associative. Moreover, it is well defined -k-product. 

Before we prove the lemma, let us introduce the product (j2.18|) in a little bit different 
notation 

/*<7 = exp[ftr/Xf] (fg) (2.20) 

where we use the symbols Y/, Xf for vector fields acting only on / and g, respectively 
The following relations for commuting differential operators X and Y are fulfilled: 

exp [H(X + Y)] = exp [HX] exp [HY] (2.21) 

exp [hXY] (fg) = exp [hX(Y f + Y g )] (fg) (2.22) 

exp [HXY] (fg) = f exp [H (XY ®l + X®Y + Y®X + l® XY)] g. (2.23) 

The first relation is standard and for the second one the proof is as follows 
exp [HXY] (fg) = £ ^X'Y'(fg) = £ -X' £ H (^V) (^) 



s=0 

oo 



n=0 



m=s—n 



E ^[ xm E —\ xn ( ym /) ( yn ^) = ex p i hXYf ] ex p (^)- 

m=0 n=0 

The last relation follows from the second one as 

exp [HXY] (fg) = exp [h(X^ + X°)(Y* + F*)] (fg) 

= exp [ft (X-^ + X f Y g + X 9 Y f + X 9 Y 9 )] (fg). 



Proof. Using the above relations one proves the associativity of ()2.18j) product as 



(f*g)*h = [exp 
= exp 
= exp 



hy/x? 
hy/x? 



(fg) exp [KYi®X^h 



exp 



ft(y/ + y/)xf (/^) 



fiY/(Xf + Xf)\ exp pa?**] (/^) 
= /exp <g> X,] (exp [HYfXf] (gh)) = f*(g*h). 
The rest of properties (|2.1j) of the ^-product is obvious. 



□ 



Let us define the linear automorphism D : A — ► A by 



.D = exp 



— — XX; 



exp 



It relates the ^-product ()2.18|) to the product (|2.16|) by relation ()2.8|) as 



f*'g = exp 
= / exp 

• exp 
= / exp 



YiXi 



exp 



ft 



XXi 



(/) exp [KYi ® X<] exp 



XX 



(2.24) 



0/) 



(XX (8) 1 + X- ® Xi + X (8) y< + 1 <8 YiXi 

h 



Y^ (8 1 + KYi <g> Xi + (8 FX 







ft 



(X <g> Xi - X- (8 X) 



9 = / ex P 



-X A X 



0- 



Hence, the product (|2.16|) is also a well defined ^-product, equivalent to the ^-product 
d2HJ). Applying to (f2~T8jl 



D c 



exp 



one finds infinitely many well defined ^-products: 



f* a g = D a (D- a f*D- a g)=fexp 



^((2-a)F i ®X J -aX l ®y i ; 



(2.25) 



9 (2-26) 



where aeK. All of them are equivalent to etch other and all of them are quantization 
of classical Poisson bracket (j2.13)l . Notice, that our particular ^-products (j2.1fij) and 
(j2.18|) are special cases of ^"-product (j2.2fi|) with a = 1 and a = 0, respectively 

Now, we impose the Lie algebra structure on the algebra A, denoting it by A a = 
(A,* a ), with the commutator 



{f,9h 



(f* a g-g* a /)• 



(2.27) 



Obviously, the automorphism ()2.25|) induces the isomorphisms between the Lie algebras 



D c 



• An 



An 1 



as 



D a '- a {f,gh a = {D a '- a f,D a '- a g} w . 



(2.28) 



(2.29) 



We will call the Lie algebras A a gauge equivalent as one can choose freely the algebra 
one wants to work with. 



3 Poisson algebras of formal Laurent series 

Consider the simplest possible case of dimM = 2, when M is parametrized by a pair of 
coordinates (x,p). The Poisson bracket on A can be introduced in infinitely many ways 
as 



if, 9} 



PB ■' 



df_dg_ _ df_dg_ 

dp dx dx dp 



reZ. 



(3.1; 



Moreover, in A there exists the following Poisson subalgebra of formal Laurent series 
(Lax polynomials) 



(3.2) 



where the coefficients Ui are smooth functions of x. We assume from now on that xGfi, 
where Q = S 1 if Ui are periodic or Q = R if Ui belong to the Schwartz space. An 
appropriate symmetric product on A is given by a trace form (a, V)a '■= Tr(a6): 



TrL 



res r L dx res r L = u r ^i(x) 



(3.3) 



which is ad-invariant JH]- in expression (|3.3|) the integration denotes the equivalence 
class of differential expressions modulo total derivatives. For a given functional F(L) = 
f n f(u)dx, we define its differentials as 

i 

where 4^ is the usual variational derivative. 

ou 

We construct the simplest i?-matrix, through a decomposition of A into a direct sum 
of Lie subalgebras. For a fixed r let 



A^>-r+k = P^-r+kA = < L = ^2 u i( x )p l 



i^—r+k 



(3.5) 



A^r+k = P<- r +kA = < L = ^ u i( x )P % 

(. i<— r+fc 

where P are appropriate projections. As presented in [IE], A^_ r+ k, A<- r+ k are Lie 
subalgebras in the following cases: 

1. k = 0, r = 0, 

2. k = 1,2, r G Z, 

which one can see through a simple inspection. Then, the .R-matrix is given by the 
projections 

R = gC^V-r+fc ~~ P<-r+k) = P^-r+k ~ ~ = ~ ~ P<-r+k- (3.6) 

and its adjoint is 

P* = -j{P>-r+k - P<-r+k) = 2~ P >2r-k = P<2r-k ~ ~- (3.7) 

Hence, the hierarchy of evolution equations (jl.8)) for Casimir functionals 

has the form of two equivalent representations 

Lt q = {(L q h- r+k , L} r PB = - {(#)<_,.+*, L} r pB LEA (3.9) 

which are Lax hierarchies. Notice that (|3.9|) are multi-Hamiltonian systems [T9"j . 

We have to explain what type of Lax operators can be used in ()3.9j) to obtain 
a consistent operator evolution equations equivalent with some nonlinear integrable 
dispersionless systems. We are interested in extracting closed systems for a finite number 
of fields. To obtain a consistent Lax equation, the Lax operator L has to form a proper 
submanifold of the full Poisson algebra A, i.e. the left and right-hand sides of expression 
()3.9|) have to coincide. They are given in the form ^ 



k = 0, r = 
k = 1, reZ 
k = 2, r G Z 



L = p + u N - 2 p + - + WiP + % (3.10) 
L = p N + u N - lP N ~ l + ... + u x _ m p x ~ m + «_ m |T m (3.11) 
L = u N p N + un^p"' 1 + ... + u x _ m p x ~ m + p" m (3.12) 



where the Ui are dynamical fields. 



-L- W 



4 Weyl-Moyal like deformation of Poisson algebras 
of formal Laurent series 



The Poisson brackets (j3.1|) on ^4 can be presented in the following form 
{f,9}pB = f(P r 9 P Ad x )g reZ. 



(4.1) 



Notice that this is a special case of (j2.13|) . when Y\ = p r d p and Xi = d x with \Yi, X\] = 
0. For a fixed r, the Poisson bracket (|4.1jl on .4. can be quantized in infinitely many 
equivalent ways via the ★"-product (j2.26j) 



f* a g = /exp 



H 

- ((2 - a) p r d p <g> 9 S - ads ® £> r <9 p ) 



One finds that 

(p r d p ) s p m = c™(r) p m - s{ - l ~ r ) s e Z 
where for fcGZ 

' [l-r 



c Kl-r) {r) 



(k-s)\ 



for k > s and r / 1 
for s > k > and 1 

(-1 + r) s (s ~ fc ,~ 1)! for k < and r ^ 1 



for m 7^ k(l — r) 

c T( r ) = m { m — (1 — r )) ' ••• • (m — (s — 1)(1 — r)) 
and for an arbitrary m G Z 

C(l) = m s . 

One also finds the following relation, which will be useful later 

c ™(r) = (-l) s 4 s - 1){1 " r) - m (r). 
Hence, for a 7^ 0, 2 
up m *° vp n = 



for a = 



wp m *° vp n = ~ C T( r ) UV sx !> 
s=0 S ' 



m+n—s(l—r) 



and for a = 2 



s=0 



,S"! 



^-c n s (r) u sx v p m+n - s ^- r \ 



(4.2) 



(4.3) 



(4.4) 



(4.5) 



(4.6) 



Now, a simple inspection leads to the following relations: for a ^ 0,2 

{u P m , V P n }, a = i (^ m ^ n - WJ9 n *° MJ9 m ) 



s=0 k=0 



2 - a) s " fc a fe 

(C_ fc (r)4(r) u kx v (s . k)x -cT(r)c:_ k (r) u {s _ k)x v kx ) . 



(4.7) 



for a = 
for a = 2 



(4.t 



s=0 



.s! 



(4.9) 



So, we can quantize separately the Poisson subalgebra A ()3.2j) to the following Lie 
subalgebras A a = (A,* a ) C *4. a . 

Obviously, the Lie algebras v4 a for a fixed value of r are gauge equivalent under the 
isomorphism 



D a - a : Ar 



A a , D a ~ a = exp 



(a - a')^p r d p d x 



(4.10) 



Let 



L= u mP m £A a L'=J2 v n p n £A a , (4.11) 

m=— oo n=— oo 

then L' = D a '~ a L and fields it m , f n are mutually related in the following way 



£ 

s>0 



a — a 



2 J s\ 



(4.12) 



Because of the gauge equivalence between the Lie algebras A a we can choose one Lie 
algebra with a fixed value of a, make all necessary calculations, and then reconstruct 
all results for A a > directly from the transformation (|4.12j) . 
On the other hand one can show the following relations 



U-k V = UV 

p m p n = p m+n 



V 



s>0 



u ^ p ™ = j2-(p r d p y P m * 



(4.13) 
(4.14) 

(4.15) 
(4.16) 



s>0 



As all relations ()4.13j) - (j4.16j) have the same form independently of a we skip this index in 
further considerations. Hence, we can quantize separately the algebra A to the following 
special algebra of Lax operators: 

a= \ L = J2 u i( x )*P i \- ( 4 - 17 ) 

It is obviously associative algebra under commutation rules (I4.15j) - (|4.1fij) . The algebra 
o in the case of r = was considered for the first time in [3]. Then, the Lie-bracket on 
a is given by 

{u-kp m ,v *p n }+ = ~ (u-kp m *v -kp n - v -k p n -k u -k p m ) 

°o h s-i (4.18) 

= Yl — r [c ™ (r) uv ™ - c " (r) u ^ *P m+n - s(1 - r) . 

s=0 S - 

Notice that the algebra a differs from that defined in the third section, where we intro- 
duced deformation quantization, as in ()4.17j) we also deformed the Lax polynomials. Let 
us remark that the algebra a is naturally isomorphic to the algebra Aq as u-k°p m = up m . 
Hence, in the further considerations we will concentrate only on the algebra a, as the 
results for the algebras A a for all values of a can be obtained simply by transformations 
(j4.12j) from A Q . The second reason is that a can be considered as the generalization of 
the algebra of the pseudo-differential operators and the algebra of the shift operators in 
the following sense. 

Let us consider the case of r = 0, then the rules (j4.15j) and (j4.16|) take the particular 
form 



p m *u = J2h s ( s \u sx *p m -% (4.19) 
s=0 V s / 

u*p m = J2(-h) S ( m )p m ~ S *u sx . (4.20) 



s=0 v / 

and the Lie bracket ()4.18j) is 



{u* P m ,v*p n } = j2v~ 1 r) 



n 



*p m+n ~ s . (4.21) 



Hence, the algebra a for fixed r = is isomorphic to the algebra of pseudo-differential 
operators: 

0=|£ = 5>(aO$l (4-22) 
where the multiplication of two such operators uses the generalized Leibniz rule 

d m u = Y^h s Q u sx d™~ s ud m = (-^) S (7) W'u** ( 4 - 23 ) 



where ^ is a formal parameter. The Lie algebra structure of g is given by the bracket 
[£1,^2] = \(£i£>2 — £>2£>i)- The isomorphism is given by the function sym : g — > a 

sym(£) = sym ^^]uj(x)d^\ = ^T^Ui(x) *p % — L. (4.24) 

It has the important property that for arbitrary Ci, £ 2 G Q 

sym(CiC 2 ) = sym(Ci) * sym(£ 2 ). (4-25) 
Then it follows that 

sym([£ h £2}) = {sym(£i),sym(£ 2 )}+ = {L U L 2 }+ . (4.26) 

Hence, sym is the Lie algebra isomorphism. Obviously such Lie algebras for all 
values of H are in natural way isomorphic to the standard algebra of pseudo-differentials 
operators (H— 1). 

Let us now consider the case of r = 1, then the rules (|4.15J) and (j4.16j) become 

fas 

p" 1 * u(x) = ^ -J 771 " ( U ( X ))sx * P m 



SI 

=0 



=: £ m u{x) * p m = u{x + mh) * p m (4.27) 
u(x) *p m = J2 ^T^rn s p m * {u(x)) sx 



si 

s=0 



= : p m * S- m u(x) =p m *u{x-mh) (4.28) 

where we use the formula for Taylor expansion and we consider E as the shift operator. 
The Lie bracket (14481) is 



{u(x) *p rn , v(x) *p n }+ = ~ [u(x)v(x + mh) - u(x + nh)v(x)] *p m+n . (4.29) 
Hence, the algebra a for a fixed r = 1 is isomorphic to the algebra of shift operators: 

(4.30) 



J £ = J2u i (x)E i I 

I i&L J 



where E is the shift operator such that 

E m u{x) = u(x + mh)E m u{x)E m = E m u{x - mh) (4.31) 

where H is a formal parameter. The Lie algebra structure of c is given by the bracket 
[£1,^2] = -g(£i£2 — £2^1)- The isomorphism is given by the function sym : c — > a 



sym(£) = sym ( Uj{x)E l 



J = ^2u i {x)-kp i = L. (4.32) 

Like in the previous case, the relations (|4.25j) and (|4.26|) are fulfilled for arbitrary 
£1, £2 G c. 

Let us investigate for a moment some properties of the Lie algebra a. The first 
observation is the existence of a symmetric, non-degenerate and ad-invariant product 
on a allowing us to identify a with its dual a*. 



Lemma 4.1 ^4n appropriate scalar product on a is given by a trace form 

(Li, L 2 ) a := Tr {L x * L 2 ) (4.33) 

w/iere 

TrL = / res r L eke, res r L = u r _i(x). (4.34) 
in 

Then ()4.33|) symmetric, non- degenerate and ad- invariant. 

Proof. The non-degeneracy of the product ()4.33|) is obvious. Let L x = ^ m u m *p m , 
L 2 = J2 n v n *P n i then using relations ()4.15|) and (|4.4|) we find 

(L x ,L 2 ) a = Tr (5> m *p m *^*p n ) 

\ m,n / 

= Tr E E ^ cm ^ («»)« *p m+n - s(1 - 

= / EE^ 1 ^^) «(.-D(l-r)-» 0O« <** 



££:j(- 1 )'^ 1)<1 ~ r, ~ B (0 («(-D(i-r)-«)« ^ 



oo 



/ EE j" c "( r ) (w(.-i)(i-r)-n) M ^da; 



Tr ( E E ^ c "( r ) w « *P m+n - s(1 - r) 



S! 

s m,n s=0 



Tr (^^*P n ^ w -*P m ) = (^2,ii) a 

\m,n / 



where we have used the integration by parts. The ad-invariance follows from associa- 
tivity of ^-product and symmetry of the product ()4.33j) as 

({A,B}+,C) a = Tr Q {A*B*C-B*A*C)J 

= Tr Q {B * C * A - C * 5 ★ A)^j = ({B, C}^ ,A) a . □ 

As a consequence, for operators L = Yl,i u i * P\ the vector fields J^L = L t and 
differentials dH(L) are conveniently parameterized by 

f TT £ TT 



-L- ' J 



where is the usual variational derivative of a functional H = J Q h(u,u x , ...) dx. In 
these frames the trace duality assumes the usual Euclidean form 

(dH,L t ) a = Tr (dH*L t ) = V / ^( Ui ) t dx. (4.36) 

i Jn oui 

Now, one can simply rewrite the trace formula from a to Aq as a = Aq. Then, 
appropriate trace formulas on A a for Lax polynomials L = u n p n are given by 

TrL = / res r L dx, res r L = u r -\{x) (4.37) 
Jn 

which are well defined, as the trace formula is invariant under transformations (j4.1()j) 
since from (j4.12|) it follows that t> r -i = u r _i. Hence, the scalar products take the form 

(Li,L 2 )^ :=Tr(L!^L 2 ). (4.38) 

and differentials dH(L) are conveniently parameterized by 

Notice that in formulas ()4.37j) - (j4.39j) one has to use the explicit form of ^"-products. 

5 R-matrix formalism and Lax hierarchies for Lie 
algebra a 

To construct the integrable field systems one has to split the algebra a into a direct sum 
of Lie subalgebras. Observing (j4.18j) one finds that in general it can be done only for 
r = or r = 1. Let us remark that it is possible to choose a Lie subalgebra of o in the 
form 



iez J 



r^l (5.1) 



which can be further split into a direct sum of Lie subalgebras, but this case is simply 
related by the transformation p' = p 1_r , x' = jz^x to the algebra a for the case of r = 0. 

Now, we decompose a for r = 0, 1 into a direct sum of Lie subalgebras in the following 
way. Let 



P<-r+k& = \ L = 

I i<-r+ 



(5.2) 



a<- r +k = P<-r+kO- = {L= ) ^ Ui(x) *p l 

r + k 



where P are appropriate projections. Then, o^_ r+ fc, a<_ r+ fc are Lie subalgebras in the 
case of r = for k — 0, 1, 2 and in the case of r = 1 for k — 1, 2. Hence, the .R-matrix 
is given by the projections 

R — 7^(P^-r+k ~ P<-r+k) — P^-r+k ~~ 2 = 2 ~ ^ >< ~ r+k ' (^-3) 



-L- W 



and its adjoint is 

^* = o^-r+fc ~~ ^<-r+fc) = 2 ~~ ^2r-fe = f<2r-fc ~ ^ (5.4) 

The hierarchy of evolution equations are generated by the Casimir functionals 

C n (L) = —^—Tr (L n+1 ) dC n (L) = L n L n = L*L*...*L (5.5) 

and for appropriate k has the form of two equivalent representations 

L tn = {(L n )^ r+k , L\ = - L}^ (5.6) 

which are Lax hierarchies. 

The Lie algebras A a can be decompose into direct sum of Lie subalgebras exactly in 
the same way as Aq = a. Hence, the i?-matrix ()5.3j) is invariant under transformations 
(|4.10|) . Moreover, as transformations (j4.10|) are Lie algebra isomorphisms (|2.29|) the Lax 
hierarchies ()5.6|) are also invariant with respect to them. 

To construct (l+l)-dimensional closed systems with a finite number of fields we 
have to choose properly restricted Lax operators L which give consistent Lax equations 
(|5.fjjl . To obtain a consistent Lax equation, the Lax operator L has to form a proper 
submanifold of the full Poisson algebra under consideration, i.e. the left and right-hand 
sides of expression ()5.6|) have to lie inside this submanifold. In the case of r = the 
admissible simplest restricted Lax operators are given in the form 

k = 0: L = p N + u n _2*P N ~ 2 + ... + u 1 *p + u (5.7) 

k = l: L = p N + u N _ 1 *p N ~ 1 + ... + u + p~ 1 *u_ 1 (5.8) 

k — 2: L = u N -kp N + u N _i *p N ~ l + ... + u Q + p~ l * u-\ + p~ 2 * w_ 2 . (5.9) 

In the case of r = 1 the admissible simplest restricted Lax operators are 

k = l: L = p N + u N - 1 *p N - 1 + ... + u 1 _ m *p 1 - m + u_ m *p- m (5.10) 

k = 2: L = u N *p N + u N . 1 *p N - 1 + ... + Mi_ m *j9 1 ~ m +p~ m . (5.11) 

We will now compare the Lax operators related to soliton systems with the Lax 
operators related to the dispersionless systems. As follows, the class of operators ()5.7j) 
is the same as the class of dispersionless operators (|3.10j) . Hence, all dispersionless 
systems for r = and k = have counterpart soliton systems. For r = and k — 1,2 
the classes of dispersionless Lax operators are wider. The operators (|5.8|) by the quasi- 
classical limit (H — > 0) reduce to the operators (jH.llj) for m — I. The operators (|5.9j) 
reduce to (|3.12j) for m = 2 but the field w_2 by the quasi-classical limit becomes time 
independent. For r = 1 the classes of operators (|5.10|) . ()5.11|) and (|3.11|) . ()3.12|) are the 
same, respectively. Thus, all of them have the counterpart lattice field systems. The 
remaining dispersionless systems for r^0,l and some for r = do not have counterpart 
soliton systems in the quantization scheme considered. 

The evolution systems (|5.fij) . with the Casimir functionals ()5.5j) as Hamiltonian func- 
tions, are tri-Hamiltonian 

L tn = 6 x {L)dC n = l -e 2 {L)dC n ^ = 6 3 (L)dC n „ 2 (5.12) 

as it was for the algebra of pseudo-differential operators and the algebra of shift opera- 
tors. Nevertheless, as we work with restrictions ()5.7|) - (j5.11|) . a reduction procedure for 
the Hamiltonian structures of the general representations (|5.12|) will be necessary. 



The case of r = 0. All Lax operators ()5.7j) - ([5.9)) form a proper submanifold with 
respect to the linear Poisson tensor (jl.9j) which is given for i?-matrix (|5.3jl in two equiv- 
alent representations 



Q x (L)dH = {{dH)> k , L}^ - {{dH, 

= -{{dH) <k ,L} + ({d#,L}J<_ fc 



fc = 0,1,2. 



(5.13) 



Since (ff-)^fc = for A; = 0, 1, the linear Poisson tensor for these cases is given in simpler 
form 



01 



5# 



(5.14) 



*•/ >-k 



The quadratic bracket for k = is given by ()1.12j) 

2 (L)dH = h{l, ({dH,L}+) >0 }^ -h{l, ({dH,L}J >0 }* 
= -H{L, ({dH, L}t) <Q }^ + H {L, ({dH, L}J <0 }+ 
and can be properly restricted to a subspace of the form 

L = p N + ujv-i *p N ~ 1 + mjv-2 *p N ~ 2 + ■■■ + Ux *p + u 
hence a Dirac reduction u N _i =0 is required with the final result 



(5.15) 



(5.16) 



nr r t i I 'SH\ 1 

° 2 [ jL) = h 



L **£)^* L - L *(j!;* L 



>0 



>0 



(5.17) 



where Q T 2 d [V) is compatible with the linear one (|5.14p . For k = 1, the quadratic tensor 
6 2 (L) is given by (fTTTT^ 

6 2 {L)dH = ^[A X {L* dH) * L - L* A 2 (dH * L) + S(d# -kL)-kL — L-k S*(L * dtf)] 

(5.18) 



where 



Ai(6) = - 6 + 6-i - 6<-i - 2<9~ 1 res 6 6 G o 
^2(6) = - 6< + 2<9~ 1 res 6 

5(6) = -26_! + 2flr 1 res 6 5* (6) = -2b - 2d~ 1 res b 



(5.19) 



satisfy (jl.llj) . The Poisson tensor ()5.18|) admits a proper restriction to Lax operators 
of the form ([5.8)1 . Hence, we have 



02 {jP) ~\ 



T 5H\ T T (5H \ _ (_ 5H\ 
L-k——] *L — L*\——-kL] + L* L*-— 



5L J 



5L 



5L J. 



_ ^ lreS ({^f' L } )* L + H { d ^{j[^ L } ' ^ j • (5-20) 



-L- W 



For k = 2, contrary to the previous cases, we still do not know the proper form of the 
quadratic tensor 9 2 . 

The restricted Lax operators ()5.7j) - (j5.9j) do not form proper submanifolds with re- 
spect to the cubic Poisson tensor ()1.15j) 

9 3 (L)dH = {(L*dH* L) >k , L}^-L* ({dH, L}J^ k * L 

= -{(L*dH*L) <k ,L} ii + L*({dH,L} il ) <k *L k = 0,1,2. (5.21) 

Nevertheless, the Dirac reduction can be applied. Here, contrary to the previous cases, 
the number of constraints depends on N, so the reduction has to be considered separately 
for each N. 



The case of r = 1. Both Lax operators (|5.1()j) - (|5.11jl form a proper submanifold with 
respect to the linear Poisson tensor ()1.9j) 

9 1 (L)dH = {(dfO>-i+fc,^L - iidH, 

= -{(dH) < - 1+k ,L} ir + ({dH,L} ic ) <3 - k k — 1,2. (5.22) 

Hence, no additional restrictions are needed. 

The quadratic tensor is given by the special case ()1.12j) nevertheless the Lax operators 
(j5.10|) - (j5.11|) do not form a proper submanifolds. Actually, the proper submanifold is 

L = u N *p N + mjv_i *p N ~ 1 + ... + wi_ m *j> l ~ m + u- m *p~ m . (5.23) 

Thus for k = 1 the Dirac constraint Un — 1 gives 




+ ^{(l+^)(l-^) _1 res|^,L} ,L} (5.24) 
and for k = 2 with Dirac constraint u__ m = 1 we get 

-ftj(l+0(l-0 _1 res j^,Lj ,l| . (5.25) 

The restricted Lax operators (j5.10|) - (j5.11|) do not form proper submanifolds with 
respect to the cubic Poisson tensor ()1.15|) 

9 3 (L)dH = {(L*dH* L)^ 1+k , L}^-L* ({dH, L} J^_ fc * L 

= -{(L*dH* L)<_ 1+fc , L}^ + L * ({dH, L}J< 2 _ fc * L k = 1,2. 

(5.26) 

Nevertheless, the Dirac reduction can be applied. Again, the number of constraints 
depends on N, so the reduction has to be considered separately for each N. 



Let us now consider more precisely the transformations from the evolution systems 
constructed from the algebra a to the systems constructed from A a for r = and r = 1. 
The linear transformation D a : Aq — > A a is simply given by (j4.1()j) as a = Aq. First 
consider the case of r = 0. Let 

m>0 m <0 (52?) 

L a = W ^P U + E^" W " G 

n^O ra<0 

Then, L a = D a L, where D a = e~^ hBp9x . As follows the dynamical fields are interrelated 
in the following way for n ^ 



Wn = E (~2 H ) 5 ' ( "" + 



.2 

s>0 



a„\ s /n+s 

I [u n+s ) sx 

(5.28) 



s>0 

'a „\ s /n + s 



and for n< « n = w; n . We denote this transformation in the operator form by w = <f)(u) 
then the Frechet derivative of <fi, such that (w m ) t = Yin (00 m * s 



<9w 

/, (i r 



(-f ft)™ m ( n "Jdr m forn ^ m ^ 



E ST-f^ = { for m < (5.29) 

tor the rest 



and its adjoint is 



(f h) n m ( n "J^" m for n ^ m ^ 



M = E^^flTT- = 1 ^» form<0 . (5.30) 

k -° ^ for the rest 

Consider now the case of r = 1. Let 

£ = E Um P m eA ° La = E ^ n G ( 5 - 31 ) 

m n 

Then, L a = D a L, where D a = e~^ hpdpdx and from (j4.12j) the relations between the 
dynamical fields are 



w n [x) = 

s>0 



U n {X) = 

s>0 



E(~f^) ~[ n 'M x ))ax = S n *u n (x) = u n (x-n^H 

s>0 

E (f H ) ^ ( U, «( X ))^ = £~" f w n (x) = w n (x + n^H 



Again, if we denote the transformation asw = 4>(u), then 

<^ n - 5 m , n £~ m % and (^Y = 5 m>n £ m % . (5.33) 



' rn 



rn 



t-1 \J 



Thus, obviously in both cases, when 



u t = 9dH 



w t = 9dH 



(5.34) 



then 



w t = (j)'u t 



9 = <p9<p' 



A 



dH = <\> 



(5.35) 



We will now display examples of some field and lattice soliton systems calculated 
in the quantization scheme considered. We consider the Lax hierarchy ()5.6j) with little 
changed numerations of evolution variables 



where N is the highest order of the Lax operator L. We will exhibit the first nontrivial 
equation of the Lax hierarchy ()5.3(j)l . For simplicity we present only the bi-Hamiltonian 
structure. The advantage of the use of a algebra is that during whole calculations there 
is no need of using the ^"-product in explicit form and we only use the commutation 
relations ()4.15j) . (j4.16|) . As a result, one gets the same equations and Poisson structures 
as these obtained from quantized algebra Aq. The Hamiltonian systems related to quan- 
tized algebras A a are simply reconstructed via the linear transformation ()5.28j) . ()5.32j) 
and formulas f)5.35j) . Such a procedure of calculations is applied in present examples 
and we have written down only the final results for A a . 

Example 5.1 The Boussinesq system: r = 0,k = 0. The dispersionless Boussinesq 
Hamiltonian systems is given in the form 



(5.36) 




(5.37) 



where the Poisson tensors are 




(5.38) 



and 




(5.39) 



The system ()5.37|) has the following Lax representation [TH] 




(5.40) 



for Lax operator in the form 



L = p 3 + up + v. 



(5.41) 



The quantization procedure leads now to the following Lax operator in a 



L = p 3 + u*p + v. 



(5.42) 



Then, one can derive the Boussinesq system from 



L 



t-2 



La 



L 



(5.43) 



Now, by the transformation to the algebras A a one finds the following systems 

2v x + (a-l) Hu 2x 



c: 






).-( 





\uu x + (1 — a) Hv: 



2.r 



h 2 u 3x 



= 9\dH\ = 02dH2- 
The respective Poisson tensors can be calculated from 1)5.14)1 

* = < 



and from ()5.17j) 



'/JtttAT 



0„ 



(5.44) 



(5.45) 



(5.46) 



where 



d x u + ud x + 2H 2 d x 

2d x v + vd x + h [ad x u x + au x d x — d 2 u + aud^] + (a — 1) ft 3 c^ 

+ (i - «) n [dlv - vsfi - (y - f + ^ 2 K« + «flg] 

- f (f - 1) # Kti, - - - a + 



The Hamiltonians are given in the following form 



3 



#9 



CT 



M + V + (a — 1) frl^f + — h U x + I ft It 1*2 



9 



<2x (5.47) 
(5.48) 



In the case of a = ()5.44j) is obviously the standard case of Boussinesq system obtained 
from Gel'fand-Dikii hierarchy, for a = 1 it is the Moyal case. The limit h — > of ()5.44j) 
gives ()5.37j) as it should be. 



Example 5.2 The Kaup-Broer (KB) system: r = 0, k = 1. 
The dispersionless system given by 



where 



01 = 



o a x 
a. o 



u x v + uv x 



gred 



{u 2 v + w 2 ) <ix 



6\dHi = 9n et ^dH2 



2d x d x u ^ 
ud^ d x v + 

dx 



(5.49) 



(5.50) 



is known as the Benney system. The Lax representation for (|5.49|) is JH] 
L t> = {( L Xo> L }° pB 

where 

L = p + u + vp~ x . 
The quantized Lax operator in a is 

L = p + u + p~ l * v. 
We derive the KB system, which is the dispersive Benney system, from 

And, by the transformation to the algebras A a one gets the following systems 



2uu x + (a + 1) hu 2x + 2v x 
v 2 (uv) x - a (l - § ) ft 2 ^ - (a + 1) fiwfc. 

= 9\dH\ = 02<iH2- 



The Poisson tensors are 



0i 



^ 
d x 



and 



^2 



1 



d. 



d x u + (a + 1) ft<9; 



2 V ud x - (a + 1) <9 2 w<9 x + + \ah (ud 2 x - d 2 x u) - a (l + § ) fi 2 ^! 
The Hamiltonians are 



H 2 



u 2 v + f 2 — (a + 1) uv x H — hu 2 u x H — -H 2 u 2 

2 4 



fix 



a 



H — huu x 
2 



(5.51) 



(5.52) 



(5.53) 



(5.54) 



(5.55) 
(5.56) 

(5.57) 

(5.58) 
(5.59) 



For a = ()5.55|) is the standard case of KB system and for a = 1 it is the Moyal case. 



Example 5.3 Toda system: r = 1, k — 1. 

The dispersionless Toda system has the form 



where 



u x v 



d x v 
vd„ 



6\dHi = 6^ d dH2^ 



(5.60) 



7T, 



red 



vcLu 2vd„.v 



[u 2 + 2u) dx H 2 — u dx. 



(5.61) 



The Lax representation for ()5.60|) is JU| 

L * = {( L V L L (5 - 62) 
where the Lax operator is 

L = p + u + vp . (5.63) 

Then, the quantization scheme leads to the following Lax operator in a in the form 

L = p + u(x) + v(x) *p~ . (5.64) 
One derive the Toda system from 

L 42 = {(L 2 )^ ,l}^. (5.65) 
Next, by the transformation to the algebras A a one finds the following systems 



u{x) 
v(x) 



If v (x + (1 - § ) h) - v (x - § H) 
t2 ~ h \ v(x) [u (x + &n)-u(x-(l - f ) h)] 

= 9 \d H\ = 9 2 d H<l- 



(5.66) 



The respective Poisson tensors are 





£ 



£' 



v(x) 



v(x\ 



(5.67) 



and 



nred 
^2 



E^)v{x)E^ - E-^v^E^- 1 ) u(x) Isi 1 ^) - £~f] v(x) 



v(x) 



c — 

£ 2 



£(f-i) 



u(x) 



v(x) [£ — £ x ] v(x) 



(5.68) 



The Hamiltonians are 



Hi 



v (x) + -u 2 (x) 



dx 



Ho 



u(x) dx. 



(5.69) 



The case of a = of (j5.66J) is the standard case of Toda system, the case of a = 1 is 
the Moyal case. Notice that in our construction Toda equation depends on continuous 
coordinate x contrary to a standard case when x is integer. 

Example 5.4 Three field system: r = 1, k = 2. 
The dispersionless system is given in the form 



V 




( 2uw x \ 






u x + vw x 


w 


*2 


V v x J 



OidHi 



6 r 2 ed dH 2 



(5.70) 



± t_AjtJZJ l_Aj±\. (. Ill V I 



where the Poisson tensors are 
6i = 3 



9. 



red 



2ud x 

d x u + ud x vd x 
2d x u d x v 

6ud x u 4ud x v 2ud x w 

Avd x u 2vd x v + ud x w + wd x u vd x w + d x u + 2ud x 

2wd x u wd x v + 2d x u + ud x d x v + vd x 



(5.71) 



and 



Hi 



[v + -jW 2 ) dx 



Ho 



w dx. 



The system ()5.70|) has the following Lax representation 
for Lax operator in the form 



L = up 2 + vp + w + p~ 2 . 
The quantization procedure leads to the following Lax operator in a 

L = u(x) *p 2 + v(x) -kp + w(x) + p~ 2 . 
Then, one derive the dispersive version of ()5.70|) from 

L t2 = {(L)^,L}^ 

and by the transformation to the algebras A a one finds the following systems 
u(x)t 2 =—u(x) [w {x + (2 — a) fx) — w (x — ah)] 



(5.72) 

(5.73) 
(5.74) 
(5.75) 
(5.76) 



v(x) 



t2 



n 



u [x + 
+v(x) 



ii { ■'' + [ ^ — 1 ) h 



W X 



WAX 



H 



C ( X + 



f-0» 

a 



ir f x — —h 



(5.77) 



r ( \--\]h 



The linear Poisson tensor is 








yuwy 





QVV 



yvwy 



Quw 
Qvw 



(5.78) 



where 



0™ = u {x) [£ {2 - a) - £- a ] 

6^ = S^u{x)S^) - 8^- 1 )u{x)S-^ 



e\ w = v(x) 



The quadratic Poisson tensor is 



gred 



QUU 



guv 

QVV 



where 



0£ w =u(z 



QUW 
QVW 
QWW 



U(X) 



(5.79) 



0™ =u(a; 



-u (x 



9 V 2 V =v(x 



[£ 2 + £ - S- 1 - £- 2 ] 
£(2-f) +( r(i-f)_ £ -f _ f -(i+f) 

£-%w(x)£( a -Vu(x)£-% 



v(x) 



-V[X) 



£ 2 



w 



(x) + £%u(x)£ {2 - a) - £^~ l )u{x)£' 



QWW 



-£^v{x)£^) -£^- x )v{x)£^. 
The respective Hamiltonians have the form 



v(x) + -w(x) 2 



dx 



Ho 



w(x) dx. 



(5.80) 



The case with a = (H — 1) and integer x was constructed in [T4"] . 



6 Conclusions 

In this paper we have presented a systematic construction of the field and lattice soli- 
ton systems from underlying multi-Hamiltonian dispersionless systems. Actually, the 
passage has been made on the level of appropriate Lax representations through the 
Weyl-Moyal like deformation quantization procedure. In a previous paper (TH] we have 
constructed Lax representations for a wide class of dispersionless systems with multi- 
Hamiltonian structures, derived from classical i?-matrix theory. The number of the 
constructed dispersionless systems is much greater then the number of known soliton 
systems (dispersive integrable systems). So, the question rises whether for any disper- 
sionless Lax hierarchy one can construct a related soliton hierarchy. We have tried to 
obtain an answer to this question via the procedure of deformation quantization for 
Poisson algebras of dispersionless systems and appropriate i?-matrix theory. We have 
managed to quantize all Poisson algebras (with arbitrary r (JHHJ)) but the R- matrix, 
at least of the form ([1.17)1 . exists only in the case of two algebras, i.e. for r = and 
r = 1, respectively. The first case leads to soliton field systems related to the algebra of 
pseudo-differential operators (|4.22|) . and the second one leads to lattice soliton systems 
related to the algebra of shift operators (|4.H()jl . In that sense, although we have failed to 
construct new soliton equations through presented deformation procedure, nevertheless 
we have found a unified procedure of the construction of field and lattice Hamiltonian 
soliton systems in one scheme. 
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